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PHHQP 1/35

Pseudo-Hermitian Hamiltonians in Quantum Physics

PT symmetry and pseudo-Hermicity are important for
real spectra of non-Hermitian Hamiltonians.
—3P Other symmetry in non-Hermitian physics?
(charge conjugation, chiral, ...)

» We develop general symmetry classification in non-Hermitian physics.

(internal)
[Hermitian] [non-Hermitian]
10-fold — 38-fold
Altland & Zirnbauer, KK, Shiozaki, Ueda & Sato,

PRB 55, 1142 (1997) PRX 9, 041015 (2019)



Topological phases of matter 2/35

w Topological phases:
Phases of matter characterized by topology of the wavefunctions

* The first example: integer quantum Hall effect (1980s)
Phases are characterized by the top. inv. (Chern #)
Robust gapless edge states appear (bulk-edge correspondence)

TKNN, PRL 49, 405 (1982)

—P Topological phases are everywhere, even in band theory!
* Topological superconductor (TSC)

» Z2 topological insulator (TI)

Quantum spin Hall effect (helical edge states) Majorana edge states
— topological quantum computation?
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Kitaev, Phys.-Usp. 44, 131 (2001)

Kane & Mele, PRL 95, 146802 (2005)



Periodic table for Tls and TSCs 3/35

General and comprehensive theoretical framework of Tls and TSCs:
Periodic table based on spatial dimension and symmetry

AZ Symmetry Dimension

Class | TRS PHS CS 0 1 2 4 5 6 i

A 0 o0 12 0 Quantum Hall insulator
AIIL | 0 0 1|0 z 0 %z 0 % 0 4|

Al +1 0 0 Z 0 0 0 2Z2 0 Zo Zo

BDI | +1 41 1 22 Z 0 0 0 2Z 0 Z

D 0 41 0 |taev/Majorana chain
DII | -1 +1 1 |0 Z Z 0 0 0 27|

AIl | -1 0 0 0 @ Quantum spin Hall insulator
cim | -1 -1 1|0 22 0 Zy Zy Z 0 0

C 0o -1 0|0 0 22 0 Zy Zy Z O

1

CI +1 -1 0 0 0 22 0 Zo Zo Z

Schnyder, Ryu, Furusaki & Ludwig, PRB 78, 195125 (2008)
Kitaev, AIP Conf. Proc. 1134, 22 (2009)



Non-Hermitian physics 4/35

Despite the enormous success, the existing framework of
topological phases is confined to Hermitian systems at equilibrium.

—P Richer properties appear in non-Hermitian systems!

w Non-Hermiticity arises from dissipation, i.e., exchanges of energy or
particles with an environment.

* Photonic lattices with gain/loss * Finite-lifetime quasiparticles
Unidirectional light transport ~ Regensburger et al., Bulk Fermi arc due to non- Kozii & Fu, arXiv:
] "PHTH (THHmIe’WﬁH) . PWTHH“"’W"’H "QWH“H” Nature 488, 167 (2012) Hermitian self-energy 1708.05841
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Non-Hermitian topological systems

New laser with high efficiency due to the interplay of
non-Hermiticity and topology.

* Topological laser

Topological lasing mode
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Bandres et al., Science 359, eaar4005 (2018)

* Non-Hermitian skin effect
Anomalous localization of an extensive number of eigenstates due to non-Hermiticity.
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Non-Hermitian topological systems 5/35

* Topological laser New laser with high efficiency due to the interplay of

non-Hermiticity and topology.

- While conventional physics focuses on Hermitian systemes,
non-Hermiticity is natural and everywhere.

* Unconventional phenomena occur as a result of the
interplay between non-Hermiticity and topology.

non-Hermiticity <=  topology
interplay

1 1 1
0.04 0.06 0.08

-80 -40 40 80-80 -40 0 40 80-80 -40 O 40
Re(}j) (Q‘1) Lattice Position n Lattice Position n Lattice Position n

Xiao et al., Nat. Phys.

Helbig et al., Nat. Phys.
16, 761 (2020)

Weidemann et al.,
16, 747 (2020)

Science 368, 311 (2020)



» Non-Hermiticity gives rise to unique topological phases
that have no Hermitian analogs.

Characterization? Bulk-boundary correspondence? Physical phenomena?

 Classification

Two types of complex-energy gaps (point and line gaps)

* Skin effect: new type of bulk-boundary correspondence

Intrinsic non-Hermitian topology leads to the skin effect
Symmetry-protected skin effect

- Topological field theory

Universal description of non-Hermitian topological phenomena
The skin effect is a signhature of a non-Hermitian anomaly




Outline

1. Introduction

2. Symmetry in non-Hermitian physics
3. Topology in non-Hermitian physics
4. Non-Hermitian skin effects

5. Topological field theory



Symmetry in
Non-Hermitian Physics

Kawabata, Higashikawa, Gong, Ashida & Ueda, Nat. Commun. 10, 297 (2019) -

Kawabata, Shiozaki, Ueda & Sato, PRX 9, 041015 (2019) |24

y



10-fold symmetry class 7/35

% 3-fold symmetry class by Wigner & Dyson Wigner (1959)
: _ Dyson, J. Math. Phys.
time reversal TH*’]' 31199 (1962)

1 antl umtary

(with complex conjugation)

Altland & Zirnbauer,
PRB 55, 1142 (1997)

particlehole CH*C™ ! — — H  anti-unitary
chiral I‘HI’_l — —H unitary

(sublattice)

% 10-fold symmetry class by Altland & Zirnbauer

* Universality
Random matrix theory, topological classification, ......



Hermitian Non-Hermitian

TRS THT '=H ep

PHS CHC ' = —H e

CS(SLS) THI ' = —H p




Hermitian
TRS
unification

TRS THT =H<
PHST

PHS cH'C'=_H
ramification PHS

ST(SLS

SLS) THI ' = —H
CS




Symmetry ramification (1) 9/35

Y Symmetry ramifies (bifurcates) in non-Hermitian systems.

KK, Shiozaki, Ueda & Sato,
PRX 9, 041015 (2019).

Hermitian TRS Non-Hermitian TRS
time reversal

TH*T 1=H —» THT '=H

THTT—I _ H _> THTT—l _ H

reciprocity

Two types of symmetry appear due to the distinction of complex
conjugation and transpose operation in non-Hermitian systems!



Symmetry ramification (2) 10/35

Y Symmetry ramifies (bifurcates) in non-Hermitian systems.

KK, Shiozaki, Ueda & Sato,
PRX 9, 041015 (2019).

Hermitian CS=SLS Non-Hermitian CS/SLS
sublattice

PHI '= —H —» THI'=_-H

H H=H /H/H;AHT

rHrl=—g —» THI '=_fg

chiral

Two types of symmetry appear due to the distinction of complex
conjugation and transpose operation in non-Hermitian systems!



Hermitian Non-Hermitian

TRS"  TH'T ' =
TRS THT '=H <
TRS THT =

PHS' cH'C'=-H
PHS CH*c—l _ —H e e
ramification PHS Hict'=_—H

AEEEEEEEEEEREJH
c
=
=
o
Q
.
O
-

ST(SLS) rHI!=—
SLS) ’HI ' = —
CS HIT- = —




Symmetry unification (1) 11/35

w Antiunitary symmetries distinct in Hermitian systems
are unified in non-Hermitian systems.

TH*T ' =H
CH*C '=—H

KK et al., Nat. Commun.
10, 297 (2019)

Two antiunitary symmetries are distinct for Hermitian H
=P |f we allow non-Hermitian H, they are equivalent!

TH*T ' =H «— T[iH]"T ' = —[iH]
one-to-one mapping o
(wavefunctions are invariant)



Symmetry unification (2) 12/35

w Antiunitary symmetries distinct in Hermitian systems

are unified in non-Hermitian systems. KK et a/. Nat. Commun.

10, 297 (2019)

Symmetry Hermitian Non-Hermitian
T no constraints EcRor (E, E¥)
C E=0or (F, —F) E ciRor (E, —E*)
(Hermitian)
_ symmetric
no constraint —
—o—IlllN-o— —il——Illll—>

O E © E



Symmetry unification (2) 12/35

w Antiunitary symmetries distinct in Hermitian systems

are unified in non-Hermitian systems. KK et a/. Nat. Commun.

10, 297 (2019)

Symmetry Hermitian Non-Hermitian
T no constraints EcRor (E, E¥)
C E=0or (F, —F) E ciRor (E, —E*)
) - symmetric
(Non-Hermitian)
Im E

T C

ReEI

symmetric

Re E




38-fold symmetry class 13/35

* Hermitian case: 10 classes (AZ symmetry class)

time reversal, particle hole, and chiral (=sublattice)

- Non-Hermitian case: 38 classes KK, Shiozaki, Ueda & Sato,
PRX 9, 041015 (2019).

10-fold non-Hermitian AZ symmetry class
T.H*T,.=H, C_H'C_=—-H, TH'I'=—-H

10-fold non-Hermitian AZ] symmetry class
C,HY'C . =H, T_H*T_=-H, TH'I'=—-H
(Hermitian conjugate of the AZ class)

22-fold non-Hermitian AZ symmetry class with sublattice symmetry
S HS = —H (NOT equivalent to chiral symmetry)

10 + 10 + 22 — 4 = 38 symmetry classes
unification



38-fold symmetry class 13/35

New symmetry classes lead to new physics:

* Non-Hermitian random matrix theory
Hamazaki, KK, Kura & Ueda, PRR 2, 023286 (2020)

* Non-Hermitian Anderson localization
KK & Ryu, PRL 126, 166801 (2021)

* Non-Hermitian topological phases
(gapped) KK, Shiozaki, Ueda & Sato, PRX 9, 041015 (2019)

(gapless) KK, Bessho & Sato, PRL 123, 066405 (2019)

* Non-Hermitian skin effects
Okuma, KK, Shiozaki & Sato, PRL 124, 086801 (2020)

unification



Topology in
Non-Hermitian Physics

Gong, Ashida, Kawabata, Takasan, Higashikawa & Ueda, PRX 8, 031079 (2019) Iﬂ

Kawabata, Shiozaki, Ueda & Sato, PRX 9, 041015 (2019) |24

Kawabata, Bessho & Sato, PRL 123, 066405 (2019)

y



Complex-energy gaps (1) 14/35

An “energy gap” is needed to define a topological phase.

However, a non-Hermitian extension of an “energy gap”
is nontrivial since the spectrum is complex.

Energy gap in Hermitian systems:

P S— * Energy regions where states are
) E forbidden to be present.

Hermitian * They should be point-like (OD)
since the real spectrum is 1D.

el Since the complex spectrum is 2D (real and imaginary),
such vacant regions can be either OD or 1D!



Complex-energy gaps (2) 15/35

Im E KK, Shiozaki, Ueda & Sato,
PRX 9, 041015 (2019)
Point gap (0D)
Gong, Ashida, KK et al.,
Two types of ReE  prx8,031079 (2018)

complex-energy gaps!

- ¢ s
Er E Im E

Hermitian (OD)
Line gap (1D)
. . Re £ Esaki, Sato, Hasebe & Kohmoto,

PRB 84, 205128 (2011)
Shen, Zhen & Fu, PRL 120, 146402 (2018)
KK et al., Nat. Commun. 10, 297 (2019)

NOTE: The definition that should be adopted depends on the individual
physical situations that we are interested in.



Point gap: unitary flattening 16/35

Unitary flattening for a point gap:
A non-Hermitian Hamiltonian with a point gap can be continuously
deformed into a unitary matrix while having symmetry and the point gap.

e . . HF O U
non-Hermitian [ e unltaryU =) Hermitian UT 0

Classification is well established!

Im E Im E

- | N

unitary Y
flattening ’ unltary matrix
’ T ) — ( o , —
Ep Re E

o -f’

. | |

Re E



Line gap: Hermitian flattening 17/35

Hermitian flattening for a line gap:

A non-Hermitian Hamiltonian with a line gap can be continuously
deformed into a Hermitian matrix while having symmetry and the line gap.

non-Hermitian /H <= Hermitian 4

Classification is well established!

Im E Im E
real gap

Hermitian .. ]
flattening Hermitian matrix

O __ — e o
Re E E=] =sd Re E

v
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AZ class Gap Classifying space d=0 d=1 =4 d=5 d=6 d= P Rs 0 2Z 0 Z, Z, 4 0 0 P Ra L2 L2 Z 0 0 0 2L 0
P Ra Zs 7 0 0 27 0 A Sy ClL i Rs x Rs 0 2282 0 To®ls 7®To LSL 0 0 m+ b L Rz x Ra L20Zy La®Zs ZOL 0 0 0 2Z®2 0
AT ; ) Rs X Rs 0 226022 0 Zo®Z Zo®Z: ZOZ O 0 R Z, 4 0 0 0 27 0 Z
Ro z 0 0 2 0 Zy I :
L = 7 N o o o . o P R+ 0 0 0 2z 0 Z, Z, z i3 Ra 0 Z, Zs z 0 0 0 2Z
2 = = = s- a i Ry x Ry 0 0 0 WHW 0 Lo®Ty LoBZy ZOL 7++ DI " Ry x Ry 0 7,87 Z:0Z: ZOZ 0 0 0 e
P Ra L Zs 0 0 0 2Z 0 e 0 7 0 7 0 7 0 z Ci 0 z 0 Z 0 Z 0 z
BDLE T Z % o o b = 0 Z : P R 2Z 0 Z Z z 0 0 0
4 (& 0 Z 0 Z 0 Z 0 Z A = 2
Ry x Ry 720Z 7,97 Z&6Z 0 0 0 22927 L s AT 1 R‘7 & 0 i 0z . Ze L z e Al i, Ra X Ra W2 0 La®ls Le®le LOL O 0 0
D P Rs 0 T s Z 0 0 ) 0 27 o Rs 0 Z Za z 0 0 0 97, Rs 0 2Z 0 Zy Ly Z 0 0
L Ra Z I z 0 0 0 22 0 T o Z 5 = 5 N 0 Z 5 w P Rs [ . T 0 0
P Ra 2 0 Zy Ly Z 0 0 0 s.oBD Ro 7 0 0 0 2 B PR T+ L Rs x Rs 0 2ZEW 0 T20Z 0L ZOL 0 0
b Rs 0 o Zn 7 0 0 0 2z . 25 i : 0 i o e o Rs x Rs 0 9MeW 0 7.6T 7.8Z ZSL 0 0
Co z 0 z 0 z n 7 n = > £ = = = = = = = P Rs 0 0 27 0 Zy Zy z 0
P Ry 0 2, 0 Z. I o ;e ° Re x Rs 0 0 e 0 Ta®l L@l LBSL O
Al y Ra oz 0 Z Z Z Rs 0 2z 0 Zy Zs Z 0 0
v L5 . assitication o T
7 X Ry 2Z®2 2 ®Ly Ly DLy ]
] P Re 0 0 22, 0 7o o M = & c E = : =
cl I Rs 0 2% 0 Zy Zs = > > >
Re X Rs 0 0 2We% 0 7,0 Co z 0 Z 0 z 0 z 0
D = 0 0 0 B 0 Ro Z 0 0 0 2Z 0 Zy Zs
€ y i R Z, I z 0 0 0 27, 0
L Re 0 0 27 0 Za [ ] [ ] [ ] Co z 0 z 0 z 0 z 0
o P Ro z 0 0 o2z - R . Ta A 0 0 0 2% 0
’ L Rz 0 0 0 2z 0 Ro z 0 0 0 22 0 Z Z
Co Z 0 Z 0 Z Co z 0 Z 0 Z 0 Z 0
T+— L R. 2Z 0 Z: Z Z 0 0 0
AZ' class_Gap_Classifying space =1 d=2 4 d=5 d=6 d=7 o % L B L N L o 6 ® 2 T B Bz
= S+ CL L Re 0 0 27 0 Zy Z Z 0 6 2 2
Al P g g 0 Z 2 N Ra 22 0 Za Zs Z 0 0 0 . P Co z 0 Z 0 Z 0 z 0
L Ro 0 0 0 Zy Zs -+ C1 I Re 0 0 27, 0 Za 7o 7 0
P R 0 0 0 Zs Zs ) R. 27 0 Z: Z: Z 0 0 0
BDI' L RT z 0 0 0 2 o) Zi - - - :
Ro x Ro 0 0 0 202 0 Z,0% Z,ol P Ry Zn Zs Z 0 0 0 2z 0
P Ra Z 0 0 0 27, 0 A n- AL L G z 0 Z 0 z 0 Z 0
u D
D L Re . L 0 0 02z 0 P Rs 0 Zo Za Z 0 0 0 2 Rs 0 Zs Za z 0 0 0 2
Ro 0 0 0 27, 0 . I S__ BDI a 0 z 0 Z 0 4 0 z P Rs 0 Z, P 7 0 0 0 2Z
omt g Lo B0 002k 0 RsxRs 0 Zo@ls Tl ZOZ 0 0 0 2 N BDL g 0 z 0 z 0 pA 0 Z
L 7;’ ) ZU-’ ZZ-’ f ; 0 ; z(;z P Rs 0 2 0 Z:. Lo 3 0 0 RsxRs 0 TZo®ls ZodZy ZOZ 0 0 0 Zew
P R“; 0 Z, Z Z 0 0 0 27 Sw DL 06 9 4 2 & 0 B 0 z Ra 2Z 0 Zs Zo Z 0 0
Alrt - 2 - D
L Ry 27, 0 Zs Zs z 0 0 0 G 0 Z 0 Z 0 Z 0 Z n L Co VA 0 Z 0 VA 0 Z 0
5 e . B 7 Z, N 5 B 5 . P R 0 0 0 2L 0 Zs Zs Z s 0 Z, 7 z 0 0 0 27
cnt Rs - - - - - " - - - - - - - Z, z 0 0
RixRa 2 0 7 0 z
P Rs Z 0 A
L o ’ Za 72 VA 0
Ri z 0 Z 0
. L
o P Re 0 0 2z 0 Z, I 4 8 P RixRi Z:®Zs Z&ZL O 0 0 22822 0 Io®le Rr 0 0 0 27, 0 Zs Zs Z
’ L 7;"' ; :]' ; 2(;2 ; Z“* sz ? S+ AL R Zs z 0 0 0 2z 0 Zs P Re 0 0 0 2, 0 Zo  Za z
- = = = R Zs Z 0 0 0 27 0 Zs n—- CI [ 0 Z 0 Z 0 Z 0 Z
SLS AZclss Gap Classilyingspace d=0 d=1 d=2 d=3 d=4 d=5 d=6 d= J— L R27: Ra Z’;% ZQZEZ? ZﬂZBZ 9 0 0 2z G;Z 0 RixRr 0 0 0 202 0 Lok hol LOL
P C 0 Z 0 Z 0 Z 0 Z - L 2 “ 2 0 0 0 27 0 . o P Ro z 0 0 0 2Z 0 Zo Za
seam i s 0 Zez 0 'zZez 0 zoZ 0 2oz R Zs 7, z 0 0 0 27, 0 ) ) z 0 z 0 z 0 /A 0
e xCr 0 zZeZ 0 ZeZ 0 Zel 0 Iez s p P RexRe 0 Z0l %ol LeZ 0 0 0 2zZ@2Z Ry 0 0 0 2z 0 Z Zs z
s . F axa 0 ZoZ 0 ZoZ 0 ZoZ 0 ZoL La e 0 %o I 4 0 0 L 25 PR 2 9 9 o 2z o0
E L o o z N 7 0 7z 0 z P RixRa 2282 0 Zo@Zs Zo®Ze ZSLZ O 0 0 e 0 / 0 Z 0 z 0 z
P CoxCo ZoZ 0 ZLZoZ 0 ZoZ 0 ZoZ 0 Se- DHL R, 22 0 T, I z 0 0 0 G 0 z 0 z 0 z 0 z
S- AT Co zZ o 'z 0 L 0 Z 0 Ra 22 0 Z Ze z 0 0 0 P RoxRy la®ln la®La LOL 0 0 0 2Z®2 0
C z 0 z 0 z 0 z 0 P RsxRs 0 22022 0 Zo®Zs Zo®Zs ZOZ 0 0 ne BDL R, Zo Zo 7 o 0 0 o7 o
Se AL Ry 0 2Z 0 ] Z: z 0 0 Ra Z Z z 0 0 0 22 0
pH AZclass Gap Classifyingspace d=0 d=1 d=2 d=3 d=4 d =7 Rs 0 2Z 0 Zs Zs Z 0 0 P RaxTa LG 0 LooZs ZnoZs Z0Z 0 0 0
5 12 Co VA 0 VA 0 Z 0 Z 0 a & P RexRe 0 0 2Z®2Z 0 Ly ®ZLy Lo®Ly LZOL 0 n4—  DIIT L R4 27 0 Zs 7o VA 0 0 0
, ; :
d L . clc ZOZ % ZOZ ? ) 0 ., ? ZOZ % 4 L Re 0 0 2z 0 Zs Zs z 0 Ra oz 0 Zn Zo z 0 0 o
DCX o f ! <§ . <§ 2 f . Re 0 0 2z 0 Z Z2 z i P RexRs 0 0 &2 0 Lo®Ly LBLy LZOL 0
1 s o P RexRe 0 0 0 2202 0 Z:07: Z:0Z: ZOL n_s CII Ro 3 o 2z G Zs e z o
e Al axa 0 ZezZ 0 Ze®Z 0 ZeZ 0 ZL L » o 0 0 oz 0 Z, Z z L
axa 0 ZeZ 0 ZeZ 0 IeZ 0 ZoL = 5 7R =T 1 i 5 e O‘ 7 ZZ L Re 0 0 27 0 Z Z, z 0
P CoxCo Z6Z 0 ZoZ 0 ZoZ 0 ZoZ 0 s cl o xR £ o 20l L0 P RoxRo Z0Z O 0 0 22622 0 72,07, 1,6%
n- Al Co Z 0 Z 0 Z 0 z 0 T :0 ; ; : p 22 5 22 ;2 e O R - . 9 i 2z ¥ 2 .
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Intrinsic non-Hermitian topology 19/35

Line-gap topology: stability of Hermitian topology against non-Hermiticity
< Point-gap topology: intrinsic non-Hermitian topology

* Hatano-Nelson model Hatano & Nelson, PRL 77, 570 (1996)

asymmetric hoppin o 4 A A
y n n PPINg Hyn = Z (JRCi_|_1ci + JLC; Cz_|_1)
. =) m O - _ ik —ik
L4 L \/ HHN (k) — JRB + JLe
i S j+l

Winding of complex energy!

1.0} 1
W R B) = § 5t logden (H (k) - E)
c 00 / 2mi dk
— _0.5} \\»\/ .
10l | (ill-defined in Hermitian systems)
-3 -2 -1 0 1 2 3 Gong, Ashida, KK et al., PRX 8, 031079 (2018)
Re E

3 Physical consequences of intrinsic non-Hermitian topology?
bulk-boundary correspondence, topological field theory, ......



Topological Origin of
Non-Hermitian Skin Effects

Okuma, Kawabata, Shiozaki & Sato, PRL 124, 086801 (2020)

Kawabata, Okuma & Sato, PRB 101, 195147 (2020)

Kawabata, Sato & Shiozaki, PRB 102, 205118 (2020) &z

SUGG




Bulk-boundary correspondence (BBC) 20/35

Emergence of boundary states due to nontrivial bulk topology.
—3» Non-Hermiticity alters the nature of BBC!

e.g. Non-Hermitian (non-reciprocal) SSH model

0 t1 4+ v + toe Ik
Hssu (k) = <t1 — Y+ toel” 1_O )

asymmetric hopping

Sublattice symmetry: o.Hssu (K)o, = —H (k)
—P winding number (integer, Z)
s Zero modes appear, but are localized only at one edge.

Lee, PRL 116, 133903 (2016); Yao & Wang, PRL 121, 086803 (2018)



Non-Hermitian skin effect 21/35

Non-Hermitian skin effect

All the eigenstates are localized at the edges!

-
'f N

The bulk Hamiltonian strongly depends on g of } ( ;
the boundary conditions! N

H(PBC) (]f) 75 H(OBC) (k)

(OBCQC) o 0 t2 — 72 + t2€_ik -2 ~1 0 1 2
Hygy 7 (k) = (m+t2eik ' 0 Re E

Modified bulk-boundary correspondence

Zero modes are predicted by H(©BC (k) rather than HFBO) (k)

Yao & Wang, PRL 121, 086803 (2018); Kunst et al., PRL 121, 026808 (2018)



BBC in non-Hermitian systems 22/35

Im E

The modified BBC is developed for line-gap topology.

Non-Hermitian Hamiltonian with a line gap

2

—p Hermitian Hamiltonian

line gap
(= Hermitian)

P The modified BBC .

% BBC for point-gap topology?

Im E

Non-Hermitian Hamiltonian with a point gap

= Unitary Hamiltonian

—p Not necessarily deformed into a Hermitian one me £

Intrinsic to non-Hermitian Hamiltonians )
point gap
NO modified BBC (= unitary)



Hatano-Nelson model 23/35

 Hatano-Nelson model

Hirn = (JC Cz+JéTéz)
asymmetric hopping HN Z RCi+1 LC; Cit1

/JL\/J—H\‘ HHN (k) = JRGik + JLe_ik
—O—0O—0O0—0O0—C0— -
S 2 Topological invariant (winding #)
Hatano & Nelson, PRL 77, 570 (1996) dk d
%Tm%logdet H (k) — E)

- / |+ UnderPBC, W (F) = +1
0.5} w=1 ]

g.(s) OBC / - Under OBC, however,

_1:0 T —PBC | the skin effect occurs

-3 -2 -1 0 1 2 3 no point gap is open

Im £,

Gong, Ashida, KK et al,,
PRX 8, 031079 (2018)



Skin effect as point-gap topology 24/35

Is it possible to have H(OBC) with point-gap topology?

— No! H(OBC) js always topologically trivial for a point gap.

(can be nontrivial for a line gap)

Then, what does point-gap topology imply?

—P Point-gap topology leads to the non-Hermitian skin effect!
(intrinsic NH topology) (intrinsic NH phenomenon)

W (FE) # 0 :skin effect
W (E) = 0 :no skin effect

Okuma, KK, Shiozaki & Sato, PRL 124, 086801 (2020)

cf. K. Zhang, Z. Yang & C. Fang, PRL 125, 126402 (2020).
Same conclusion, but different approach



(BBC for intrinsic non-Hermitian topology)

Skin effect

Point-gap topology

Classification? Classification

Symmetry-protected Symmetry-protected
skin effects? topological phases



Z, skin effect protected by TRS (1) 26/35

- Z, topological phase in Hermitian systems

o+ o = &3

Haldane model time-reversed partner Kane-Mele model
Z invariant (Chern #) Z, invariant with TRS
chiral edge states helical edge states

* Z, skin effect in non-Hermitian systems

localized at left (+W) localized at right (-W) localized at both!

. Reciprocal skin effect with
Hatano-Nelson model time-reversed partner . .
(reciprocal) the Z, invariant protected

Z invariant (point gap)

by time-reversal symmetry




Z, skin effect protected by TRS (2) 27/35

HHN (k) 2A sin k
2Asink  Hi (—k)

(symmetry-preserving perturbation)

H (k) = ) = 2tcosk 4+ 2A (sink) o, + 2ig (sink) o,

TRSJr : (ioy) H* (k) (iay)_l = H (-k), (ioy) (iay)* = -1
—P Z, topological, Kramers degeneracy

. .l OBC 3K ' ' .
skin effect! PBC; o reciprocal sk|n effectI o
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Topological Field Theory of
Non-Hermitian Systems

Kawabata, Shiozaki & Ryu, PRL 126, 216405 (2021) &=




Topological field theory 28/35

» Topological phenomena are universally described by field theory.

/ |

Oh, Science 340, 153 (2013)

* (2+1)-D Chern-Simons theory: quantum Hall effect

/d2 /dts“’”A d,A,

.'_ 4 /L]E
J (SAZ 27‘(’8

S [A] is gauge dependent in the presence of a boundary (anomaly)
— Compensated by an anomaly at the boundary, i.e., chiral edge states.
(field-theoretic understanding of bulk-boundary correspondence)

 Axion electrodynamics for (3+1)-D topological insulators

S——/d3 /dtB E

Qi, Hughes & Zhang, PRB 78, 195424 (2008)




Derivation of topological field theory  29/35

The topological action S is derived from a microscopic Hamiltonian H

Z[A, ¢ = /szmeﬁ S = /dd /dt¢l@t+¢ H (-0, — A)| ¢

(gauge potential) (matter)

Let us integrate out the matter degrees of freedom (i.e., %)
Z|A, ¢l =det|iw+o¢p—H(k—A)]

effective action: 4% .= Z[A, 4] /Z[0]

The topological invariant is given by the Green’s function:
Gt (k,w) :==iw — H (k)

e.g. Chern insulator H (k) = kyo, + kyoy +mo.
— (2+1)-D Chern-Simons theory

% An energy gap ensures the well-defined topological action



Breakdown of the spacetime formulation

Can we have a topological action from a non-Hermitian Hamiltonian?
(e.g., Hatano-Nelson model)

—P No, we do not have a well-defined action!

Point gap: open (gapped)
Line gap: closed (gapless)

—p Divergence of the action

% -2 -1 0 1 2 3 (The system looks like a metal rather than an insulator)

The above formulation assumes the Gibbs state for equilibrium,
and focuses on the ground state. 7 —tre PH

—Pp |Intrinsic non-Hermitian topology: out of equilibrium
The Gibbs state and the ground state are no longer relevant......



Space formulation 31/35

“Time” should play a special role out of equilibrium

Let us Fourier transform % (z,t) = /wE (z) e PHE

— Spatial field theory KK, Shiozaki & Ryu, PRL 126, 216305 (2021)

Zp |A] = /DIEEDZDE e'or,  Sp= /ddﬂf Ve [H(k—A) — E]l¢g

generating function of the Green’s function (E — H (k)™

captures all physical information!

w We have a well-defined action for intrinsic non-Hermitian topology!
Gol(k,w):=iw— Hy (k) <= ikgy1 — Hy (k) = Hxu (k, kgr1)

(Green’s function) w > kqy1
) = gl

[(d-1)+1]-D Hermitian systems == (d+0)-D Non-Hermitian systems



One dimension 32/35

For H (k) in 1D (such as the Hatano-Nelson model),
SplA] = ite[(H — E) A] = W, (E)/A(;v) da

(1+0)-D Chern-Simons theory!
cf. (0+1)-D CS theory for OD Hermitian systems S[A] =y / ¢ (1) dt

* Current: j = (S(gij = W

Nonreciprocal transport due to non-Hermiticity!

Application: directional amplification (laser)

Wanjura et al., Nat. Commun. 11, 3149 (2020)



Skin effect as an anomaly 33/35
1D non-Hermitian systems: Sg |[A] = Wi (E) /A () dx

—W; ] = Wl» +W; Gauge transformation: A — A + df /dx

— The action transforms as

r = Iy, T = TR Sg — Sep + Wi (E)|f (zr) — f (21)]
NOT gauge invariant! (anomaly)

To retain gauge invariance, additional system is needed at the boundary:

S%oundary _ _Wl (E) [SO ngz . [ZI}L}]

(phase of the wavefunction)

_» S%oundary _ Szoundary . Wl (E) [f (xR) . f (xL)]
Sg + S°dey s squge invariant
S};:’““dafy describes a pair of charges at the boundary: skin modes

» The non-Hermitian skin effect is a signature of an anomaly!



Three dimensions: chiral magnetic effect

Generally, d-dimensional non-Hermitian systems are described by
the (d+0)-dimensional Chern-Simons theory (d: odd)

In three dimensions, we have the (3+0)-D Chern-Simons theory:
_ W3 (F)
41
cf. (2+1)-D CS theory for 2D Hermitian systems (QHE)
4%

* Current: g = 2—33 chiral magnetic effect!
76

SE [A] /5ijkAZ-8jAk d3ZB

78, 074033 (2008)

J o J
electric fieldV non-Hermiticity
fa
Fukushima et al., PRD / \ /
B

* Application: directional laser controlled by a magnetic field
cf. lattice realization: Bessho & Sato, PRL 127, 196404 (2021)



Chiral magnetic skin effect 35/35

* (2+1)-D Chern-Simons theory (quantum Hall effect)

Boundary exhibits a chiral anomaly: 8,2 + 8,j* = E/n
(axial current)

* (3+0)-D Chern-Simons theory for 3D non-Hermitian systems
Boundary also exhibits a chiral anomaly (t = y, E - B):
V-j4 =B/t +«—> Ni==£0/2r

The number of the skin modes is given by the number of the fluxes

§B @m=1PBC  (b)m=1, OBC

L]
1.0 10 skin modes
p—4 -
/" 08| g > S | o8| RN A
1. -1.
X 0—3 -2 -1 0 1 2 3 1 0—3 -2 -1 0 1 2 3

Re E Re E



Summary

- 38-fold internal symmetry in non-Hermitian physics.

* Non-Hermiticity gives rise to unique topological phases without

Hermitian analogs.
* Intrinsic non-Hermitian topology leads to the skin effects.

* Spatial field theory for intrinsic non-Hermitian topology; the skin
effect is a signature of a non-Hermitian anomaly.
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